Abstract. A new approach for optimal estimation of Markov chains with sparse transition matrices is presented.
Mathematical Framework
We begin with a formal mathematical definition of a Markov chain: Definition 1.1. Let n and d be elements of N, such that n ≥ 1 and d ≥ 1. Define Ω = {1, . . . , d}. Consider a sequence of random variables {X 1 , X 2 , . . . , X n } such that (1.1)
is independent of k for all i and j in Ω. Then the sequence {X 1 , X 2 , . . . , X n } is a Markov chain with state space Ω and transition probabilities P ij for i and j in Ω.
It follows from this definition that a Markov chain with known probability distribution of the initial state is completely characterized by a d × d matrix containing the transition probabilities P ij , P =      P 11 P 12 . . . P 1d P 21 P 22 . . . P 2d . . . . . . . . . . . .
This matrix is called the transition probability matrix. Since the elements of row i of this matrix represent the conditional probabilities for all possible state changes from state i, they must satisfy
for all i ∈ Ω. For a Markov chain with known transition probability matrix, the most likely state as n → ∞ can be calculated as follows. Define a vector V k so that the i th element of V k is the unconditional probability that the Markov chain is in state i at time k. Hence, (V k ) i = P (X k = i), where
The probability (V k+1 ) i = P (X k+1 = i) can be related to the vector V k using the Law of Total Probability,
Hence V k+1 = P ′ V k . One can then use an inductive argument to establish that
Here V 1 is a vector of probabilities corresponding to the distribution of the initial state of the Markov chain. Hence
The limiting, or steady state, probabilities, if they exist, are then given by
1 .
Since [Π
is the i th row of P π = lim n→∞ P n .
Under certain conditions [14] , the limit will exist and the rows of P π will be identical. We will denote one of these rows as Π. The elements of Π correspond to the long-range probabilities that the Markov chain is in each of the states. In some instances Π can be found analytically. Example: Consider a Markov chain with transition probability matrix
where 0 ≤ a < 1. A simple induction arguments shows that
for all integers n ≥ 1. Since 0 ≤ a < 1, lim n→∞ a n = 0, so the limit P π = lim n→∞ P n exists and the rows of P π are identical:
Estimation of the Transition Probability Matrix
In most practical cases, the transition probability matrix is unknown and it must then be estimated based on the observations. Let X 1 , X 2 , . . . , X n be n consecutive observations from a Markov chain. The maximum likelihood estimator of the matrix P , which we will denote as P , is defined as follows [3] :
1) : For each state i ∈ Ω, let n i be the number of times that state i is observed in X 1 , X 2 , . . . , X n−1 . 2) : If n i = 0 (the state is not represented in the chain, except maybe for the last position), then we formally define all probabilities of transition from the state i to any state j = i to be 0,P ij = 0, for every j = i. Therefore, by (2), we have P ii = 1. 3) : If n i > 0, let n ij be the number of observed consecutive transitions from state i to state j in X 1 , X 2 , . . . , X n . In this case, P ij = nij ni , for j = 1, . . . , d. Note that the final observed state of the chain is not counted in Step 1 because we do not observe any transitions from this state. Hence, we only observe n − 1 transitions. Note also that the estimate P is a valid transition probability matrix.
Since the transition probability matrix has d 2 elements, it is natural to rewrite P as a column vector with d 2 elements [1] :
which allows us to concentrate on properties of the random vector P v . This vector has d 2 elements, labeled by a two-digit index. For instance, P ij is the element found on the row k = j + (i − 1)d of the vector vec(P ) :
The properties of the maximum likelihood estimator P have been studied extensively [1] . In particular, P can be shown to be asymptotically normal and consistent. The limiting probabilities computed from P are also consistent estimates of the true limiting probabilities. These results are presented in the two theorems below.
Let P n be the maximum likelihood estimator corresponding to n observations X 1 , . . . , X n from a Markov chain with transition probability matrix P . Let ( P v ) n and P v be the vector forms of P n and P , respectively. The following theorem describes the asymptotic properties of the vector ( P v ) n as n → ∞. Theorem 2.1. As n → ∞,
where Σ P is given by
Here, Σ P is a square d 2 × d 2 matrix. The matrix element displayed corresponds to the row j + (i − 1)d and the column l + (k − 1)d. Now assume that for all integers n > 0, the limit lim
m exists and has all rows identical. Denote by Π n and Π the steady-state probabilities corresponding to P n and P , respectively. The following theorem establishes the consistency of the estimates of steady-state probabilities.
, with probability 1, as n → ∞, where ( Π n ) i and (Π) i are the i th elements of Π n and Π respectively.
These results provide an asymptotic justification of the use of P to estimate P . When the sample size is not sufficiently large, the asymptotic results given in previous results may not hold. In these cases, the bootstrap method, which is outlined in the next section, can be used to find approximate results corresponding to those given above.
The Bootstrap Method
Let X be a random variable with distribution function F and let X = (x 1 , . . . , x n ) ′ be an observed sample from F . Suppose R(X, F ) is a statistical quantity that depends in general on both the unknown distribution F and on the sample X. For example, R(X, F ) could be an estimator of an unknown parameter. If F is unknown, then the exact distribution of the random variable R(X, F ) is generally unknown.
In 1979, Efron [5] proposed the bootstrap method to nonparametrically estimate the distribution of R(X, F ). The method consists of the following three steps:
From the observed sample X, use the empirical distribution function, F n , as an estimate of the probability function F . The empirical distribution function is defined by
n , where n(x) is the number of values x i in X that are less than or equal to x.
(ii): Draw B samples of size n from F n conditional on X. Denote these as X * j , for j = 1, . . . , B. B is a good approximation to the true distribution of R(X, F ). Several authors have proven that the approximation is asymptotically valid for a large number of statistics of interest, and underlying populations, under some regularity conditions. See [4] and [6] .
In [11] , Kulperger and Prakasa Rao studied the applicability of the bootstrap method to the problem of estimating properties of Markov chains. Working under certain assumptions, they proved the following Central Limit Theorem for the bootstrap maximum likelihood estimator matrices.
Let X 1 , . . . , X n be n observations from a Markov chain with transition probability matrix P and let P n be the maximum likelihood estimator of P computed on the sample. Generate a bootstrap chain, X * 1 , . . . , X * n , by generating a Markov chain with transition probability matrix P n , conditional on X 1 , . . . , X n . Denote the maximum likelihood estimator for the bootstrap chain by P * n . Let ( P * v ) n and ( P v ) n be the vector forms of P * n and P n , respectively. Theorem 3.1. There is a sequence N n ∈ N, such that
as n → ∞ and N n → ∞, where
This result indicates that the distribution of the bootstrap maximum likelihood estimator has similar asymptotic behavior as the distribution of the maximum likelihood estimator.
The Bootstrap Method for Finite State Markov Chains
When applied to the problem of estimating Markov chains, the bootstrap method consists of computing P from the original chain, and then generating B additional samples based on P . A uniform probability distribution for the initial state is used. For each of these resamples, a maximum likelihood estimator P * i , i = 1, . . . , B is computed. Based on the vector sample ( P * v ) 1 , . . . , ( P * v ) B , estimators for E(P v ) and Cov(P v ) can be computed as follows:
The empirical distribution function for each element (P v ) ij of the vector P v can also be computed, based on the sample [(
Denote this function by F ij . A (1 − α)100% confidence interval based on the percentile method of Efron (1979) (see also Reference [7] ) for the element (P v ) ij is given by [
is the largest value of x such that the number of elements in the sample [(
is the smallest value of x such that the number of elements in the sample [(
The bootstrap procedure may not perform well in some circumstances. For example, under certain conditions, the matrix P may not have a structure that is close to that of P . To illustrate one of these situations, we consider the following numerical example. Example: Let the true transition probability matrix of a Markov chain be Table 1 . The ten samples generated using the transition matrix in (8) Table 1 .
The first sample leads to the following maximum likelihood estimator P :
1.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 1.00 0.20 0.20 0.40 0.20
Note that the estimate P is significantly different from the original matrix P . The main difference is that P is sparse (has many null entries), while P is not. Therefore, many valid transitions will never occur in resamples based on the matrix P . Regardless of how many bootstrap resamples we use, the fact that all the bootstrap maximum likelihood estimators P * are sparse may cause the bootstrap method to give unreliable results.
Computing maximum likelihood estimators from the other samples generated from P leads again to sparse estimators, though they may differ from the one listed above. This is because the sample size chosen is relatively small compared to the total number of possible transitions (n = 10, for d 2 = 16). A maximum of only 60% of all transitions will be found in a given sample.
Another situation that leads to sparse estimators occurs when the matrix P has elements with small probabilities. In this case, it is the existence of rare transitions (corresponding to the small probabilities) that causes the problem. For instance, if we use the matrix P as the true P matrix, we obtain the samples listed in Table 2 . The maximum likelihood estimator of the first sample is:
1.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00 0.00 0.00
As indicated earlier, increasing the number of samples does not help, since all the estimators will be sparse. To avoid this from happening, one should use a non-sparse matrix to generate the resamples. Next, we will describe a way of solving this problem, by smoothing the maximum likelihood estimators. This procedure replaces a sparse estimator by a modified version where all of the entries are positive.
Smoothed Estimators
As indicated in the previous section, a problem related to estimating the transition probability matrix from observed sample chains is the possibility that some states of the system are too rare to occur in a limited experiment. A similar result is obtained when the chain length, n, is small compared to the total number of possible transitions, d
2 . In this case only a fraction of all the possible transitions will be present in any given sample. When this happens, a particular transition may not be observed in the sample, even though the probability of this transition occuring is greater than 0.
When a sparse estimator P is obtained from the initial chain, the impact on the bootstrap method is significant. If we assume that P ij = 0 for some i and j, then a transition from state i to state j will never be observed in any of the resamples, even though it may be possible in the actual Markov chain. A similar problem occurs in the case of using the bootstrap on independent discrete data. In [9] and [13] , the authors exhibit several examples where sparse data causes the bootstrap to perform poorly.
One solution to this problem is to increase the sample size. When a larger sample size is not feasible, the following method can be used. Since the cause of the problem is the fact that P is sparse, we can attempt to generate the bootstrap resamples based on a slightly different matrix, whose entries are all positive. We call this matrix the smoothed version of P and denote it by P . It is given by (5.1)
and u > 0 is a positive smoothing parameter. The form of this smoothed matrix is based on simple smoothers that are used for multinomial distributions. See, for example, [8] and [16] . Note that from the definition, we obtain
so that P is a valid transition probability matrix. The choice of the smoothing parameter u presents some difficulty. It is technically possible to specify a performance criterion forP in terms of some measure of the performance of the resulting bootstrapping method. The parameter u could then be chosen to optimize this criterion. However, it is unlikely that such a method would be feasible in practice, and is well beyond the scope of this study. Nevertheless, we will justify some general properties that u should follow. These will ensure that the smoothing does not asymptotically affect the behavior of the generated Markov chains.
The criterion we choose is to select the smoothing parameter such that P is a consistent estimator of P at the same rate as P .
Asymptotic Properties of Smoothed Estimators
In the following, we consider n observations X 1 , X 2 , . . . , X n from a Markov chain and establish the asymptotic properties of the smoothed estimator of the transition probability matrix. We begin by proving some general properties.
In order to study the asymptotic properties of estimators, we must introduce the following equivalence relation for matrices.
Let {P n } and {R n } be two sequences of d × d matrices, for n = 1, 2, . . .. Suppose there is an r > 0 such that the sequence n r (E n ) ij = n r (P n − R n ) ij has the property that it remains bounded as n → ∞ for all i, j = 1, . . . , d. Then as n → ∞ (6.1)
Here, O(n −r ) represents any sequence of matrices properly bounded. The following theorem describes the asymptotic consistency property of the smoothed estimator defined earlier.
We can rewrite ω
which by definition [15] remains bounded as n → ∞, so
In matrix notation, this result can be rewritten as
where J is a d × d matrix with all entries equal to 1. We conclude that:
where the sequences n u a n and n u b n remain bounded as n → ∞. Then for all i, j = 1, . . . , d, 0 ≤ P ij ≤ 1 and J ij = 1, so n u [a n P ij + b n J ij ] remains bounded as n → ∞. Therefore, (6.6) P = P + O(n −u ), as n → ∞.
Since P = P + O(n −k ), we can write (6.7)
where n k (A n ) ij and n u (B n ) ij remain bounded as n → ∞.
as long as k ≤ u. As shown in [1] and [3] , the exponent k is usually equal to 0.5. Therefore, any choice of u such that u ≥ 0.5 will ensure that P n preserves the asymptotic consistency property of P n .
Performance of Smoothed Estimators
To compare the performance of the smoothed and unsmoothed estimators, we present two Examples.
Example: In this example we explore the behavior of the bootstrap bias estimator using P and P . We use the transition probability matrix from the example given in (8) . The true probability matrix is: Using a chain generated from P , with uniform distribution probability for the initial state, the following maximum likelihood estimator is computed: As we can see, the smoothed estimator contains some information about the low-probability transitions of the system, while the standard maximum likelihood estimator does not. In particular, the element corresponding to the transition 3 → 1, which has the lowest probability for this chain, is strictly zero in the average maximum likelihood estimator, but not in the smoothed version. Since the average is computed from non-negative numbers, it follows that ( P * ) 31 = 0 for all the resamples based on P . The bootstrap method based on P leads to the conclusion that the transition 3 → 1 is not allowed in this chain.
The bootstrap method based on P does not lead to the same conclusion, as all the elements of P are positive. While ( P ) 31 is not very close to the true value 0.05, the confidence interval for this element predicted by the bootstrap method based on P may have good coverage properties. The same conclusion holds for other statistical inference quantities. A simulation study of the coverage properties of the bootstrap confidence intervals is presented in the next section. Example: In this example we explore the asymptotic behavior of P n and P n as n → ∞. The matrix given in (8) is the true transition probability matrix of the system. Single samples of size 50, 100, 500, 1000 and 10,000 were generated based on P . For each sample, the estimators P n and P n were computed. The matrices √ n( P n − P ) and √ n( P n − P ) were then calculated. The results are listed in Tables  3 and 4 .
The matrices listed in Tables 3 and 4 indicate that for each i, j = 1, . . . , d, [ √ n( P n − P )] ij and [ √ n( P n − P )] ij remain bounded as n → ∞ and that they are of the same order of magnitude. In fact, simulations up to n = 1, 000, 000 indicate exactly the same result. This example demonstrates by direct computation that P n − P = O(n −0.5 ) and P n − P = O(n −0.5 )
Simulation Study Structure
The goal of this simulation study is to perform a quantitative comparison between the performance of the bootstrap method based on the maximum likelihood estimator and its smoothed version. The true transition probability matrix P is known. To ensure that the structure of P does not unduly influence the results, two different transition probability matrices were used: For both of the true transition probability matrices, simulations were conducted for all the combinations of parameters n = 25, 50, 100 and u = 0.5, 1.0, 2.0 and ∞. Note that u = ∞ corresponds to the standard bootstrap.
Each simulation consists of the following steps:
(1) A single chain of size n is generated from the true transition probability matrix. Estimators P and P are computed. (2) The bootstrap method (as described before) is applied, using P and P , respectively. The number of bootstrap resamples generated is B = 5000. (3) Bootstrap 90% confidence intervals for the elements P 11 and P 12 are computed, based on P and P , respectively using the bootstrap percentile method outlined previously. (4) Steps 1-3 are repeated 1000 times and the observed coverage properties of the intervals from the two estimators are compared.
Simulation Results and Conclusion
The results of the small simulation study are presented in Table 5 and seem to indicate that:
(1) For almost all combinations of simulation parameters n and u, the coverage performance of the confidence intervals based on P is better than for the intervals based on P . Table 5 . The empirical coverage of the standard (u = ∞) and smoothed bootstrap percentile method confidence intervals for the entries P 11 and P 12 of P I and P II . The specified nominal coverage is 90%.
